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Entanglement properties of excited eigenstates (or of thermal mixed states) are difficult to study
with conventional analytical methods. We approach this problem for random spin chains using a
recently developed real-space renormalization group technique for excited states (“RSRG-X”). For
the random XX and quantum Ising chains, which have logarithmic divergences in the entanglement
entropy of their (infinite-randomness) critical ground states, we show that the entanglement entropy
of excited eigenstates retains a logarithmic divergence while the mutual information of thermal mixed
states does not. However, in the XX case the coefficient of the logarithmic divergence extends from
the universal ground-state value to a universal interval due to the degeneracy of excited eigenstates.
These models are noninteracting in the sense of having free-fermion representations, allowing strong
numerical checks of our analytical predictions.
PACS numbers: 75.10.Nr, 03.65.Ud, 64.60.ae
Concepts from quantum information theory have been
widely used in condensed matter and atomic physics [1, 2]
to characterize quantum correlations in various interest-
ing classes of states. One such concept is quantum en-
tanglement [3, 4], which for critical ground states [5–
10], topological phases [11–13], and Fermi liquids [14, 15]
provides unique insights into the physics that are diffi-
cult to obtain via other quantities. Entanglement is also
quantitatively related to the difficulty of describing one-
dimensional (1D) noncritical [16] and critical (“finite-
entanglement scaling” [17–19]) ground states by matrix
product wave functions [20, 21] in numerical approxima-
tions [22, 23].
In this Rapid Communication, we study random spin
chains, where entanglement is known to capture impor-
tant aspects of the ground state [24, 25], and examine
how the entanglement of individual excited eigenstates is
different from the mutual information of thermal mixed
states at nonzero temperature. This question can be
viewed as an entanglement version of the classical prob-
lem of equivalence of ensembles: Is the canonical ensem-
ble described by the density matrix ρ = exp(−H/T ),
where H is the Hamiltonian and T is the temperature,
equivalent for important observables to the microcanon-
ical ensemble of energy eigenstates with the same energy
density? As ρ is a mixed state, we need a notion that
generalizes the entanglement entropy (well defined only
for pure states), and mutual information (though not an
entanglement measure) is a commonly used option.
Another motivation for studying excited eigenstates in
random spin chains is the high level of current inter-
est [26–37] in how disorder (modeled by randomness) can
lead to localized states violating the eigenstate thermal-
ization hypothesis, even in the presence of interactions;
this phenomenon is known as many-body localization.
∗ yichenhuang@berkeley.edu
The eigenstate thermalization hypothesis [38–40] is that
(for some not yet delineated classes of quantum many-
body systems) local measurements of an energy eigen-
state approach those of the thermal mixed state with the
same energy density. Intuitively, one region of the sys-
tem sees the rest of the system as a bath or reservoir
capable of providing energy and particles. Localization
does not support the transport of energy or particles and
hence prevents full thermalization. We emphasize that
many-body localization is a property associated with all
eigenstates (not just the ground state) of disordered sys-
tems.
Excited eigenstates are “physical” states participating
in the dynamics of the system, and hence their singular-
ities strongly suggest a dynamical quantum phase tran-
sition. For example, in the random quantum Ising chain
we find that the entanglement of (almost) all eigenstates
becomes singular (i.e., diverges logarithmically) at the
critical point. This is indeed accompanied with a dy-
namical quantum phase transition characterized by the
time evolution of entanglement entropy [34].
The real-space renormalization group (RSRG) [41–46]
is a standard technique for “infinite-randomness” ground
states in random spin chains. It has recently been gener-
alized to excited states with the acronym RSRG-X [35].
Adapting this approach to our context, we make ana-
lytical predictions for the scaling of excited-state entan-
glement (defined as the average entanglement entropy of
energy eigenstates sampled from a canonical ensemble)
and thermal mutual information (the mutual informa-
tion of a thermal mixed state) in the random XX and
quantum Ising chains, which are verified numerically.
We find that excited-state entanglement and thermal
mutual information behave very differently. The latter
behaves as one might expect for physical quantities at
nonzero temperatures above a (random) quantum criti-
cal point: The characteristic divergence [24] is cut off by
temperature. The former retains such a divergence, i.e.,
the entanglement entropy of excited eigenstates diverges
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2logarithmically as that of the ground state does. There
is a surprise: In the random XX chain, the coefficient
of the logarithmic divergence extends from the universal
ground-state value to a universal interval due to the de-
generacy of excited eigenstates (it is basis dependent and
is determined only after a way of lifting the degeneracy
of excited eigenstates is given).
Preliminaries. We start by introducing key definitions
and then review RSRG. Entanglement reflects a remark-
able fact about the product structure of the Hilbert space
for a bipartite quantum system AB. This Hilbert space is
constructed as the tensor product of the Hilbert spaces
for the two subsystems, i.e., it is spanned by product
states made from (basis) vectors of A and B. However,
the superposition principle allows linear combinations of
product states, and in general such a linear combination
is not a product of any wave functions in A and B.
The entanglement entropy of a pure state ρAB is the
von Neumann entropy S(ρA) = −trρA ln ρA of the re-
duced density matrix ρA = trBρAB . It is the stan-
dard measure of entanglement for pure states. For mixed
states, there are some entanglement measures in the lit-
erature and no single one is standard [3, 4]. Most of
these entanglement measures reduce for pure states to
entanglement entropy, and are difficult (NP-hard [47])
to compute. Quantum mutual information I(ρAB) =
S(ρA)+S(ρB)−S(ρAB) is not an entanglement measure,
as it is generically nonzero for separable (i.e., unentan-
gled) states. It quantifies the total (classical and quan-
tum) correlation between A and B in a possibly mixed
state ρAB , and is the quantum analog of mutual infor-
mation (the standard measure of correlation between two
random variables) in classical information theory.
Let SL(|ψ〉) be the entanglement entropy of the state
|ψ〉 in a spin model, where A consists of a block of L
spins, and by default |ψ〉 is the ground state. SL satisfies
an area law [2] in 1D gapped systems [16]. In 1D gapless
systems, SL ∼ (c lnL)/3 [5, 9, 10] if the critical theory is
a conformal field theory with central charge c, e.g., SL ∼
(lnL)/3 in the homogeneous XX and antiferromagnetic
Heisenberg chains [6–8]. Similarly, let ITL be the mutual
information of the thermal mixed state exp(−H/T ) at
nonzero temperature T . ITL always satisfies an area law
[48, 49], regardless of the energy gap or the dimension
(geometry) of the lattice.
Real-space renormalization group. As a standard an-
alytical approach to the low-energy physics in random
spin chains, RSRG is successful in practice and believed
to be asymptotically exact at infinite-randomness quan-
tum critical points. We briefly illustrate this approach in
the context of the random XX chain [44]. See Ref. [46]
and references therein for details and more examples.
The Hamiltonian is H =
∑
iHi with Hi = Ji(σ
i
xσ
i+1
x +
σiyσ
i+1
y ), where Ji’s are independent and identically dis-
tributed (i.i.d.) random variables. At each step of RSRG,
we find the strongest bond Jj = maxi Ji =: Ω and diag-
onalize Hj . Assuming Jj  Jj±1, the spins j and j + 1
form a singlet (the ground state ofHj), and then degener-
TABLE I. Eigenvalues and eigenstates of Hj ; effective inter-
actions Hj−1,j+2 = Jj−1,j+2(σj−1x σ
j+2
x + σ
j−1
y σ
j+2
y ).
Eigenvalues Eigenstates Effective interactions
2Jj | ↑j↓j+1〉+ | ↓j↑j+1〉 Jj−1,j+2 = Jj−1Jj+1/Jj
0 | ↑j↑j+1〉, | ↓j↓j+1〉 Jj−1,j+2 = −Jj−1Jj+1/Jj
−2Jj | ↑j↓j+1〉 − | ↓j↑j+1〉 Jj−1,j+2 = Jj−1Jj+1/Jj
ate perturbation theory (Schrieffer-Wolff transformation
[50]) leads to an effective interaction
Jj−1,j+2 = Jj−1Jj+1/Jj < Ω (1)
between the spins j − 1 and j + 2 (the last row in Ta-
ble I). As such, we eliminate the strongest bond Jj and
reduce the energy scale Ω. Repeating these steps, the
ground state of the random XX chain is approximately
a tensor product of singlets. Moreover, Eq. (1) induces a
RSRG flow equation for the distribution of Ji’s. There is
a simple infinite-randomness fixed point solution as the
attractor for all nonsingular initial distributions of Ji’s
[44], which justifies the assumption Jj  Jj±1 in the
asymptotic limit. Therefore, the low-energy physics of
the random XX chain is universal: It is governed by the
fixed point distribution, regardless of initial distributions.
The entanglement entropy SL is proportional to the
number of singlets across one boundary of the block [24].
Let Γ = ln(Ω0/Ω) with Ω0 the initial energy scale. The
RSRG flow equation and the fixed point distribution im-
ply (a) λ ∼ Γ2, where λ is the length scale of the singlets
at the energy scale Ω, and (b) N ∼ (ln Γ)/3, where N is
the average total number of singlets across a particular
cut at energy scales greater than Ω. Substituting λ ∼ L,
〈SL〉 ∼ 2N ln 2 ∼ (ln 2)(lnL)/3, (2)
where 〈·〉 denotes averaging over randomness. See Refs.
[24, 25] for details.
Numerics. In free-fermion systems, the algorithm for
computing entanglement entropy is well established [51].
It is used in Refs. [6, 7, 52] to compute the entangle-
ment entropy of ground states in the homogeneous (and
random) XX chain, quantum Ising chain, etc., and it
also works for excited eigenstates. The algorithm for
computing the mutual information of thermal states is a
variant of it [51]. Technically, these algorithms make use
of (i) the fact that a free-fermion system can be decom-
posed into a bunch of noninteracting fermionic modes,
and (ii) the observation that the eigenstates and the ther-
mal states of a free-fermion Hamiltonian are (fermionic)
Gaussian states, i.e., they can be reconstructed from their
covariance matrices. Since these algorithms are efficient
in the sense that their running time grows polynomially
with the system size, we are able to simulate chains of
200–1000 spins with a laptop and extract the coefficient
of “lnL” convincingly. We verify with accurate numerics
all implications of RSRG and RSRG-X for the scaling of
3excited-state entanglement and thermal mutual informa-
tion. This is a numerical test of the recently developed
RSRG-X [35].
Excited-state entanglement in random XX chain. Let
{|ψi〉} be a complete set of eigenstates of H, and define
STL =
∑
i exp(−〈ψi|H|ψi〉/T )SL(|ψi〉)∑
i exp(−〈ψi|H|ψi〉/T )
(3)
as the average entanglement entropy of eigenstates |ψi〉’s
sampled from the Boltzmann distribution at temperature
T . Here T is a parameter tuning the (average) energy, for
we wonder whether (and how) the scaling of excited-state
entanglement depends on energy. Alternatively, one may
study the average entanglement entropy of eigenstates
with (close to) a particular energy. Note that STL is not
the entanglement of the thermal mixed state exp(−H/T ).
RSRG-X [35] is an approach to the long-range physics
of excited states in random spin chains. Following our
previous discussion of RSRG, we show implications of
RSRG-X for the scaling of 〈STL 〉 in the random XX chain.
At each step of RSRG-X, we still diagonalize Hj : The
eigenvalues and eigenstates are given in Table I. Here the
spins j and j + 1 are in a random eigenstate of Hj sam-
pled from the Boltzmann distribution at temperature T
(cf. they are always in the ground state of Hj in RSRG),
and then degenerate perturbation theory leads to an ef-
fective interaction between the spins j−1 and j+2: Dif-
ferent eigenstates may induce different interactions, but
fortunately the difference is only in sign (the right col-
umn in Table I). Hence the flow equation and the fixed
point solution for the distribution of |Ji|’s in RSRG-X
are identical to those in RSRG.
We calculate the amount of entanglement generated in
RSRG-X. (i) If the spins j and j + 1 are in an eigen-
state of Hj with eigenvalue ±2Jj (the first or the last
row in Table I), then a unit of entanglement is generated
as in RSRG. (ii) Otherwise, the spins j and j + 1 may
be in a superposition of | ↑↑〉 and | ↓↓〉 (the middle row
in Table I), and an undetermined amount of entangle-
ment is generated. Let α be the ratio of the amount of
entanglement generated in RSRG-X to that generated in
RSRG. Averaging cases (i) and (ii) gives 1/2 ≤ α ≤ 1. At
any constant temperature T > 0, the energy scale Ω be-
comes much lower than T after some number of RSRG-X
steps. Hence the scaling of 〈ST>0L 〉 is the same as that of〈ST=∞L 〉. Summarizing,
〈ST=∞L 〉 ∼ 〈ST>0L 〉 ∼ α(ln 2)(lnL)/3, 1/2 ≤ α ≤ 1. (4)
It is not a limitation of our approach that the prefactor
α is undetermined. Indeed, the eigenvalues of a random
XX Hamiltonian are degenerate. Hence the complete set
of eigenstates {|ψi〉} and the scaling of 〈STL 〉 (3) are not
unique. We construct two examples in which α = 1/2
and α = 1, respectively.
Example 1. Since the total magnetization σz =
∑
i σ
i
z
is conserved, one may require that each |ψi〉 is an eigen-
state of σz, which is physically interpreted as fixing the
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FIG. 1. (Color online) Scaling of 〈STL 〉 in random XX chain,
which is apparently different from the entanglement scaling
of some excited states in homogeneous spin chains [53]. Here
Ji’s are i.i.d. uniform random variables on the interval [0, 1].
Example 1 (α = 1/2). The blue, red, and green dots are
data (averaged over 5000 samples) for T = 0, 10−3, and ∞,
respectively, in chains of 1000 spins. The lines are fits based
on (2) and (4): (ln 2)(lnL)/3+0.86 (blue), (ln 2)(lnL)/6+1.18
(red), and (ln 2)(lnL)/6 + 2.09 (green). Example 2 (α = 1).
The cyan dots are data (averaged over 3000 samples) for T =
∞, δ = 10−9 in chains of 500 spins. The cyan line is a fit
based on (4): (ln 2)(lnL)/3 + 2.13.
fermion number in the fermion representation. Then, in
case (ii) the spins j and j + 1 are (approximately) in ei-
ther | ↑↑〉 or | ↓↓〉 (not a superposition) so that (almost)
no entanglement is generated. Hence α = 1/2, which is
verified numerically for T = ∞ (green) and T = 10−3
(red) in Fig. 1. Note that the (universal) logarithmic
scaling starts at larger L for T = 10−3,∞ than for T = 0
(blue).
Example 2. Let H ′ =
∑
i(1 + δ)Jiσ
i
xσ
i+1
x + Jiσ
i
yσ
i+1
y
such that limδ→0H ′ = H. The eigenvalues of H ′ are
generically nondegenerate. Then, in case (ii) the spins
j and j + 1 are (approximately) in (| ↑↑〉 ± | ↓↓〉)/√2
(maximally entangled state) so that (almost) one unit of
entanglement is generated. Hence α = 1, which is verified
numerically for T =∞ (cyan) in Fig. 1.
Thermal mutual information in random XX chain. We
calculate the scaling of 〈ITL 〉 using RSRG. (i) If Ω  T ,
we do RSRG as if T = 0. (ii) If Ω  T , the remaining
spins are in the maximally mixed state as if T =∞. (iii)
The transition occurs at Ωc ∼ T :
Lc ∼ Γ2c ∼ ln2(1/Ωc) ∼ ln2(1/T ). (5)
The thermal mixed state exp(−H/T ) is approximately of
the form ρ1⊗ρ0, where ρ1 is a tensor product of singlets,
and ρ0 is a maximally mixed state. Hence,
ITL ≈ IL(ρ1 ⊗ ρ0) = IL(ρ1) + IL(ρ0) = IL(ρ1)⇒
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FIG. 2. (Color online) Scaling of 〈ITL 〉 in random XX chain.
The dots (from top to bottom) are data (averaged over 2500
samples) for T = 0, 10−5, 3×10−5, 10−4, and 3×10−4 in chains
of 200 spins. The line is a fit based on (6): 2(ln 2)(lnL)/3 +
1.66. 〈ITL 〉 behaves as if T = 0 for L  Lc and saturates for
L  Lc. Inset: Saturation value 〈ITLLc〉 vs temperature.
The line is a fit based on (6): 4(ln 2)[ln ln(1/T )]/3 + 0.77.
〈ITL 〉 ∼ 〈ITLc〉 ∼ 2(ln 2)(lnLc)/3 ∼ 4(ln 2)[ln ln(1/T )]/3,
〈ITL 〉 ∼ 〈IT=0L 〉 ∼ 2(ln 2)(lnL)/3 (6)
for L Lc and L Lc, respectively, or compactly
〈ITL 〉 ∼ 2(ln 2)[ln min{L, ln2(1/T )}]/3, (7)
which is verified numerically in Fig. 2.
Any entanglement measure (for mixed states) satisfies
the following: (a) It does not increase under local opera-
tions and classical communication (LOCC); (b) it reduces
to entanglement entropy for maximally entangled states;
and (c) other postulates irrelevant to us. See Refs. [3, 4]
for details on the axiomatic approach to entanglement
measures. Since the states ρ1 and ρ1 ⊗ ρ0 can be trans-
formed to each other by LOCC,
ETL : = EL(exp(−H/T )) ≈ EL(ρ1 ⊗ ρ0) = EL(ρ1)
= SL(ρ1) = IL(ρ1)/2 ≈ ITL /2⇒ 〈ETL 〉 ∼ 〈ITL 〉/2(8)
for any entanglement measure E (including, but not lim-
ited to, entanglement cost, distillable entanglement, en-
tanglement of formation, relative entropy of entangle-
ment, squashed entanglement, and logarithmic negativ-
ity). Note that logarithmic negativity, while it does not
reduce to entanglement entropy for all pure states, does
reduce to entanglement entropy for maximally entangled
states and hence satisfies the postulate (b) above. We do
not expect any of the aforementioned entanglement mea-
sures can be computed efficiently even in free-fermion
systems.
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FIG. 3. (Color online) Scaling of 〈STL 〉 in critical random
quantum Ising chain (δ = 0). Here Ji, hi’s are i.i.d. uni-
form random variables on the interval [0, 1]. The blue, red,
and green dots are data (averaged over 2500 samples) for
T = 0, 0.2, and ∞, respectively, in chains of 400 spins.
The lines are fits based on (10): (ln 2)(lnL)/6 + 0.51 (blue),
(ln 2)(lnL)/6 + 0.73 (red), and (ln 2)(lnL)/6 + 1.09 (green).
Random quantum Ising chain. We now study the ran-
dom quantum Ising chain [43, 45, 46]. The Hamiltonian
is
H =
∑
i
Jiσ
i
xσ
i+1
x + hiσ
i
z, (9)
where Ji’s are i.i.d. and hi’s are i.i.d. random variables.
The eigenvalues of H are generically nondegenerate. Let
δ = (ln |h| − ln |J |)/(var ln |h|+ var ln |J |). At δ = 0, the
system is critical, and RSRG implies [24]
〈ST=0L 〉 ∼ (ln 2)(lnL)/6. (10)
Otherwise (δ 6= 0) we expect an area law for 〈ST=0L 〉. Let
ξ ∼ 1/δ2 be the characteristic length scale within and
beyond which the system appears critical and noncriti-
cal, respectively [45]. The saturation value is 〈ST=0Lξ〉 ∼
(ln 2)(ln ξ)/6 ∼ (ln 2)(ln |1/δ|)/3 for |δ|  1. Straight-
forward perturbative calculations show that fortunately
the difference between effective interactions induced in
RSRG and RSRG-X is only in sign [35]. Hence the flow
equation and the fixed point solution for the distribu-
tions of |Ji|, |hi|’s in RSRG-X are identical to those in
RSRG. Moreover, the amount of entanglement gener-
ated in RSRG-X is the same as that generated in RSRG.
Therefore 〈S∀TL 〉 ∼ 〈ST=0L 〉, which is verified numerically
in Fig. 3.
Beyond free-fermion systems. Consider the weakly in-
teracting model H ′ = H +
∑
i J
′
iσ
i
zσ
i+1
z , where H is
the random quantum Ising Hamiltonian (9), and J ′i ’s
( Ji, hi’s) are i.i.d. random variables. This model is
5studied using RSRG-X in Ref. [35]: There is strong
numerical evidence for a temperature-tuned dynamical
quantum phase transition. After developing intuitions
about this transition, the scaling of entanglement will be
clear.
Irrelevant perturbations do not change the universality
class of phase transitions, but they modify the strength
of relevant terms. In RSRG-X, the J ′ perturbations are
irrelevant [35]. Let δr(δ, T, J
′) be the “renormalized δ,”
which is a function of T because the implementation of
RSRG-X is temperature dependent. The critical temper-
ature Tc is given by δr(δ, Tc, J
′) = 0. Therefore,
〈ST=TcL 〉 ∼ (ln 2)(lnL)/6. (11)
We expect an area law for 〈ST 6=TcL 〉, and the saturation
value is ∼ (ln 2)[ln |1/(T − Tc)|]/3 for |T − Tc|  1 (and
finite Tc).
Note added. Recently, we became aware of a paper [54]
that studies the entanglement of states with a small finite
number of excitations. It should be clear that we have
studied the entanglement of states with a finite energy
density above the ground state, i.e., an infinite number
of excitations in the thermodynamic limit.
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